Carbon-enhanced metal-poor stars, CH stars, barium stars and extrinsic S stars, among other classes of chemically peculiar stars, are thought to be the products of the interaction of low-and intermediate-mass binaries which occurred when the most evolved star was in the asymptotic giant branch (AGB) phase. Binary evolution models predict that because of the large sizes of AGB stars, if the initial orbital periods of such systems are shorter than a few thousand days, their orbits should have circularised due to tidal effects. However, observations of the progeny of AGB binary stars show that many of these objects have substantial eccentricities, up to e ≈ 0.9. In this work we explore the impact of wind mass transfer on the orbital parameters of AGB binary stars by performing numerical simulations in which the AGB wind is modelled using a hydrodynamical code and the dynamics of the stars is evolved using an N-body code. We find that in most models the effect of wind mass transfer will contribute to the circularisation of the orbit, but on longer timescales than tidal circularisation if e 0.4. We also find that for relatively low initial wind velocities and pseudo-synchronisation of the donor star, a structure resembling wind Roche-lobe overflow is observed as the stars approach periastron. In this case, the interaction between the gas and the star is stronger than when the initial wind velocity is high and the orbit shrinks while the eccentricity decreases. In one of our models wind interaction is found to pump the eccentricity of the orbit on a similar timescale as tidal circularisation. However, since the orbit of this model is shrinking tidal effects will become stronger during the evolution of the system. Although our study is based on a small sample of models, it offers some insight into the orbital evolution of eccentric binary stars interacting via winds. A larger grid of numerical models for different binary parameters is needed to test if a regime exists where hydrodynamical eccentricity pumping can effectively counteract tidal circularisation, and if this can explain the puzzling eccentricities of the descendants of AGB binaries.
Introduction
A wide variety of objects are thought to result from interaction in asymptotic giant branch (AGB) binary systems. These include barium stars and CH stars (Keenan 1942) , extrinsic S stars (Smith & Lambert 1988) , carbon-enhanced metal poor (CEMP) stars (Beers & Christlieb 2005) , and binary post-AGB stars (van Winckel 2003) . Observations of these objects show that they have large eccentricities (up to e ≈ 0.9) for relatively short orbital periods (between 100-1000 days; Jorissen et al. 1998 Jorissen et al. , 2016 Hansen et al. 2016 ; Van der Swaelmen et al. 2017; Oomen et al. 2018) . However, because of the large sizes of AGB stars, binary evolution models predict that such systems should have circularised due to tidal forces if their orbital periods were initially shorter than a few thousand days (Pols et al. 2003; Izzard et al. 2010) . Therefore, a mechanism that counteracts tidal interaction or that enhances the eccentricity of the binary after tidal circularisation is needed to explain the observed orbits of these systems.
Several mechanisms that can pump the eccentricity during the evolution of the binary system have been proposed, such as the interaction of the binary with a circumbinary disk (Artymowicz et al. 1991; Artymowicz & Lubow 1994; Dermine et al. 2013) , phase-dependent mass loss (e.g. Soker 2000; Bonačić Marinović et al. 2008) or grazing envelope evolution (Soker 2015) . Eccentricity pumping due to interaction with a circumbinary disk is given some observational support by the detected presence of such disks in binary post-AGB stars (de Ruyter et al. 2006 ). However, Rafikov (2016) argues that in order for this mechanism to efficiently increase the eccentricity of the binary, the circumbinary disk must be very massive and long-lived compared to the inferred estimates for such parameters. Vos et al. (2015) test different eccentricity pumping mechanisms, such as phase-dependent mass loss and interaction with a circumbinary disk in an attempt to explain the eccentricities of hot subdwarf binaries. However, they find that these proposed mechanisms are insufficient to reproduce their observed eccentricities. In a recent study, Kashi & Soker (2018) show that grazing envelope evolution could efficiently counteract tidal circularisation, but they only consider a single set of binary parameters.
In addition to these proposed eccentricity pumping mechanisms, detailed analytical studies of the orbital evolution of eccentric binary systems have been performed by Sepinsky et al. (2007b) , Sepinsky et al. (2009) Eggleton (2006) , and Dosopoulou & Kalogera (2016) . For instance, Eggleton (2006) and Dosopoulou & Kalogera (2016) derive the secular evolution of the semi-major axis and the eccentricity of an eccentric binary when interaction occurs via fast isotropic winds. However, several hydrodynamical studies have shown that wind interaction in AGB binaries can be quite different from the isotropic-wind mode (e.g. Theuns & Jorissen 1993; Mohamed & Podsiadlowski 2007; Saladino et al. 2018; Chen et al. 2018 ). Therefore, in order to understand how wind mass transfer interaction in eccentric AGB binary systems impacts the orbital evolution of the system hydrodynamical simulations are needed.
Most of the current hydrodynamical studies of interacting binary systems have been performed for systems in circular orbits (e.g. Theuns & Jorissen 1993; Theuns et al. 1996; de Val-Borro et al. 2009; Mohamed & Podsiadlowski 2012; Liu et al. 2017; Chen et al. 2017; Saladino et al. 2018) , while only a handful of studies have investigated hydrodynamical models for eccentric binary stars (e.g. Church et al. 2009; Mohamed 2010; Lajoie & Sills 2011; van der Helm et al. 2016; Kim et al. 2017) . However, with the exception of van der Helm et al. (2016) , most of the studies on eccentric binaries have focussed on understanding the mass transfer process, while little attention has been devoted to the effect of mass transfer on the orbital evolution of the binary. The complexity in performing such studies arises from the fact that in order to derive the change in the orbital parameters of the binary, the changes in both the orbital angular momentum and the orbital energy need to be known. Additionally, in order to determine the change in the orbital angular momentum, the angular-momentum loss from the system as well as the massaccretion efficiency onto the companion star are needed. Such parameters can be estimated from hydrodynamical simulations (as has been done for circular orbits, see e.g. Theuns et al. 1996; Mohamed & Podsiadlowski 2012; Chen et al. 2018; Saladino et al. 2019 ). However, in order to study the change in the semimajor axis and eccentricity simultaneously, numerical models in which the dynamics of the stars is modelled in detail are needed because they permit to estimate the change in the orbital energy as the binary interacts. Furthermore, the hydrodynamical models by Kim et al. (2017) show that in the case of eccentric binary stars interacting via winds, the morphology of the outflow can differ considerably from the non-eccentric case. As shown in Saladino et al. (2018, hereafter Paper I) and Saladino et al. (2019, hereafter Paper II) , the evolution of the orbital parameters is strongly influenced by the morphology of the outflow. In addition, in Paper II we show that within the numerical uncertainties we can measure the change in the semi-major axis dynamically from numerical simulations.
In order to understand if the puzzling eccentricities of the descendants of AGB binary systems can be explained by an episode of wind mass transfer, in this paper we perform an exploratory numerical study of low-and intermediate-mass eccentric binaries interacting via AGB winds. In our simulations we couple a hydrodynamical code with a gravitational code to follow the evolution of the orbit. This allows us to measure simultaneously not only the amount of angular momentum-loss and mass-accretion efficiency, but also the change in the semi-major axis and eccentricity of the system.
Method
The numerical method employed in this paper is similar to that used in Paper I and Paper II. Here we briefly describe the setup of the simulations. Using the amuse 1 framework (Portegies Zwart et al. 2013; Pelupessy et al. 2013; Portegies Zwart et al. 2009 ) we couple the smoothed-particle hydrodynamics (SPH) code fi (Hernquist & Katz 1989; Gerritsen & Icke 1997; Pelupessy et al. 2004) with the N-body code huayno (Pelupessy et al. 2012 ) using the bridge module (Fujii et al. 2007) . The SPH code is used to model the gas dynamics of the wind while the N-body code is used to compute the dynamics of the stars. Our models also include the prescription for cooling or heating of the gas described in Paper II.
1 http://www.amusecode.org/ The stars are modelled as point masses and the wind particles are created using the stellar_wind.py module ) available in amuse. Wind particles are injected with initial velocities v init = 12 km s −1 or v init = 1 km s −1 at a spherical surface with the radius of the donor star, R d , and their initial temperature is equal to the effective temperature of the star (T eff ). Similar to Paper II, the equation of motion of the wind in all models contains a term that exactly balances the gravity of the donor star, thus wind particles feel an extra acceleration due to gas pressure which drives them to an average terminal velocity v ∞ ≈ 15 km s −1 or v ∞ ≈ 6 km s −1 , depending on the initial wind velocity. These velocities correspond to the typical terminal velocities for AGB stars (Höfner 2015) .
To allow for comparison with our previous work, the stellar parameters for most of our models correspond to those described in Paper II for a mass ratio q = M d /M a = 2. These models have a metallicity of Z = 10 −4 . Only the stellar parameters of model MMe05 are similar to those used in Paper I. In this model the stars are more massive, the radius and effective temperature of the donor star are smaller and the donor metallicity is solar. In all models the donor star loses mass at a constant rateṀ d = 1.5×10
−5 M yr −1 (see Table 1 for an overview of all parameters used). Each model is run for 10 orbital periods.
In Paper II, we find that the strength of interaction between the companion star and the wind depends on the wind-to-orbit velocity ratio, v ∞ /v orb . For large v ∞ /v orb little interaction occurs and the outflow approximates the spherically symmetric wind mode, while the strongest interaction between the wind and the binary occurs for small v ∞ /v orb and hence small separations. However, for eccentric binaries the relative orbital velocity and separation of the stars are time-variable. Therefore, in order to guarantee a strong interaction at the point of closest approach, while ensuring that the donor star is within its Roche lobe at periastron, we set the semi-major axis of our models by keeping the periastron distance constant, a pe = 4 AU, for eccentricities between 0 to 0.8. We compute the Roche lobe radius at periastron using the equation given by Sepinsky et al. (2007a) for a binary system in an eccentric orbit.
For a binary with the characteristics of our models, tidal effects are likely to pseudo-synchronise the donor star, i.e. the angular velocity of the star is assumed to be equal to the angular velocity of the binary at periastron. To this end, in a similar fashion to Paper II, we add a tangential velocity, v T = Ω orb,pe ×r g,d , to wind particles as we inject them at the surface of the star, where
is the orbital angular velocity at periastron, P is the binary orbital period and r g,d is the position of the gas particles with respect to the centre of mass of the donor star. Only in model MMe05 the donor is non-rotating. Similar to Paper I and Paper II, we model the companion star as a sink particle with constant radius. In the majority of the models the sink radius is equal to 0.1R L,2|pe , where R L,2|pe is the Roche lobe radius of the companion star at periastron. Only for model Q2e08, with e = 0.8, we set the sink radius equal to 0.5R L,2|pe . The latter setup is chosen to prevent numerical artefacts in the simulation because the resolution of our models is low and for e = 0.8 the typical smoothing length in the vicinity of the companion star is much larger than a sink with radius 0.1R L,2|pe .
To optimise the numerical computation, we choose the typical smoothing length of the particles to be proportional to the Fig. 1. Gas density on the orbital plane for different orbital phases for models Q2e0 to Q2e08 during the ninth simulated orbit. The eccentricity increases from top to bottom. Time is indicated along the top, relative to the orbital period. The first column corresponds to the phase where the stars are at periastron, the second column to the phase t/P = 8.2, the third column to the time when stars are at apastron and the fourth column correspond to t/P = 8.8.
semi-major axis of the binary (see Paper II). In Table 1 we show the corresponding masses of the gas particles. In addition, to minimise computational time we remove particles once they cross a boundary of 5a. The values for the artificial viscosity parameters are set as α SPH = 0.5 and β SPH = 1.
Results

Morphology
In the following we describe the observed morphologies of the outflow for the eccentric models and we compare them with the outflows observed in their circular counterparts. We note that although we only describe the behaviour of the outflow for one orbit, the same structures repeat over the evolution of the systems. Figure 1 shows the density in the orbital plane at four orbital phases (left to right) for models Q2e0 to Q2e08. The eccentricity of the models increases from top to bottom. For small eccentricities (e = 0.2 and e = 0.4) the geometry of the outflow looks very similar to the circular binary case with two spiral arms tightly wound around the binary delimiting the accretion wake behind the companion star. Similar to the circular case, the inner spiral arm is denser than the outer one due to its proximity to the AGB donor star. In addition, the opening angle of the accretion wake varies as a function of the orbital phase and as a function of the eccentricity.
As the eccentricity increases (e = 0.6 and e = 0.8) a gradual change in the morphology of the outflow is observed. The accretion wake behind the companion star which for small eccentricities was wrapped around the binary in the form of spiral arms becomes a disrupted ring. This ring forms after the companion star has passed through periastron; as dense wind leaves the donor star it compresses the accretion wake into a ring. As the companion star moves in its orbit towards apastron, the ring moves away from the binary. In model Q2e08, because of the large ratio of wind velocity to instantaneous orbital velocity at apastron, little interaction between the wind and the companion star occurs at this distance, i.e. the outflow remains almost spherically symmetric and the accretion wake resembles the BondiHoyle-Lyttleton case (Bondi & Hoyle 1944; Hoyle & Lyttleton 1939) . Models Q2e04 and Q2e06 show an accretion disk around the companion star which builds up after the stars have passed periastron, but it disappears as the companion star approaches apastron. Two numerical effects may be contributing to this behaviour: on the one hand, similar to the circular model in Paper I, the radius of the accretion disk varies over time. Although we set the sink radius to be small, it can happen that the radius of the disk becomes smaller than the sink, so that the disk is engulfed by the sink and its mass is added to the accretor star. On the other hand, when the stars are at apastron little interaction between the gas and the stars takes place and the gas density remains low. With the low resolutions chosen, the typical smoothing length of the gas particles at apastron can become larger than the sink radius, which can cause numerical artefacts near the accretor.
Model Q2e06v1 (top row of Figure 2 ) shows that when the initial wind velocity is low (v init = 1 km s −1 ) the geometry of the outflow becomes more complex, implying a stronger interaction between the wind and the companion star. In this model we observe a dense ring tightly wound around the binary, which builds up as the companion star moves through periastron. Although at the scale displayed in Figure 2 it cannot be observed, this model shows a stream of gas flowing from the donor star towards the companion star which resembles wind Roche-lobe overflow (de Val-Borro et al. 2009; Mohamed & Podsiadlowski 2007 , which is not observed in model Q2e06. This gas stream is formed as the stars approach periastron and it vanishes as the companion star makes it way towards apastron. A similar mass transfer mechanism was found in Paper II for models in which the donor star was in corotation and v init 5 km s −1 . Model Q2e06v1 also shows an accretion disk that forms at the passage through periastron, but as explained above it is engulfed by the sink after the passage through apastron.
Model MMe05 shows the most complex morphology among our models (see the bottom panels of Figure 2 ). In this model the mass ratio is similar to models Q2e0 to Q2e08, but the stars are more massive, the donor star has a smaller radius, and it is non-rotating. An accretion disk is also formed, but contrary to the previously discussed models it is not engulfed by the sink although its size decreases as the companion star moves through periastron. In addition, contrary to the large eccentricity mod-els in which the whole accretion wake is compressed in a ring, in this model two rings are observed. A complete ring which surrounds the donor star is formed by the inner part of the accretion wake which builds up as the companion star moves through periastron. This inner ring is surrounded by an incomplete ring formed by the outer part of the accretion wake. The presence of both rings is probably related to the high density in the accretion wake in this model, which does not allow the wind to compress it into a single ring. Another feature to notice in this model is that the external part of the wake is not clearly defined making the outflow very unsteady. In its circular counterpart (model V15a5, Paper I), we also observed a not-so-smooth accretion wake. However, compared to that model, the opening angle of the wake in model MMe05 is smaller and the accretion wake appears to be more misaligned with respect to the binary axis than in model V15a5. We should note, however, that a direct comparison between models MMe05 and V15a5 is hampered by the different assumptions in them. One the one hand, in model V15a5 the velocity of the wind particles was forced to be constant, and the mass-loss rate was a factor of 15 smaller than in this work. On the other hand, the SPH resolution of the particles is much lower in this study, and the distance at which particles are removed from the simulation is smaller.
Finally, we can attempt to compare models MMe05 and Q2e06v1 because their mass ratios are equal and their eccentricities are similar. Furthermore, both models have a low wind-toorbital-velocity ratio at periastron and a similar wind-to-orbitalvelocity ratio at apastron (see Table 1 ). From Figure 2 we observe that although both systems show a complex geometry, model MMe05 shows more irregularities in the outflow. When the stars are at periastron, the acretion wake of model MMe05 shows a much wider opening angle than model Q2e06v1. However, the opposite occurs when the stars are at apastron, i.e. at this point in the orbit the accretion wake of model Q2e06v1 is wider than in model MMe05. Additionally, at apastron the accretion wake of model MMe05 is much denser than for Q2e02v1 and very misaligned with respect to the binary axis. Model MMe05 creates the impression that the material the accretor star collects during its passage through periastron still interacts strongly with the accretor star when it reaches apastron. On the other hand, in model Q2e06v1 it appears from the density in the accretion wake that the strongest interaction between the gas and the stars occurs at periastron. We note that given the stellar parameters chosen for model MMe05, the temperature profile is somewhat different to that of model Q2e06v1. In order to check how this could affect the morphology of the outflow, we performed a test in which the effective temperature of the donor star in model MMe05 and the metallicity were similar to model Q2e06v1. However, no clear differences were found.
Mass-accretion rates
The Bondi-Hoyle-Lyttleton (BHL) formalism (Hoyle & Lyttleton 1939; Bondi & Hoyle 1944; Edgar 2004) gives an estimate for the rate at which mass is accreted by a body moving in a gas medium. This model is often applied to wind accretion in binary systems, although the assumption of a uniform density and velocity field does not hold, especially for AGB winds. For binary stars in eccentric orbits the average mass-accretion rate is usually taken as (Boffin & Jorissen 1988) : where α BHL ≈ 0.75 is a constant 2 ,Ṁ d < 0 is the rate at which the donor star is losing mass, G is the gravitational constant, a is the semi-major axis of the system, v w is the local wind velocity, and v 2 orb = G(M d + M a )/a is the relative orbital velocity in a circular orbit with the same a. In an eccentric system the relative orbital velocity and the separation of the stars are time-variable parameters. For this reason, in order to get a better estimate for the instantaneous mass-accretion rate, we substitute a and v orb in Eq. 2 by the instantaneous orbital separation, r, and instantaneous relative velocity of the stars, v, so that (Mohamed 2010) :
The top panels of Figures 3 and 4 show the mass-accretion rate onto the companion star as measured from the masses of the gas particles which cross the sink boundary per timestep. Given the discreteness of the SPH model, the mass-accretion rates show an associated shot noise. In order to suppress statistical fluctuations, we average the accreted mass over long time intervals (c.f. Paper I, section 3.5). For better appreciation, we only show the mass-accretion rate for two orbits of each model. The dotted lines in the figures show the distance between the stars for better recognition of the orbital phases. The green dashed lines overplotted in each figure show the BHL analytical estimate as computed from Eq. 3.
For models Q2e02 to Q2e08 the BHL prescription predicts a peak in the mass-accretion rate when the stars are at their closest distance and a minimum in the mass-accretion rate at apastron. This occurs because in Eq. 3 the term containing the distance of the stars r −2 dominates over the factor containing v/v w . Likewise the BHL formalism predicts a decrease in the mass-accretion rate for large eccentricities. We observe a similar behaviour in our models. Models Q2e04 and Q2e06 show an extra peak in the mass-accretion rate before the stars reach their maximum distance. As discussed in the previous section, an accretion disk builds up after the passage through periastron in these systems. Since the size of the disk is not constant, when the radius of the disk becomes smaller than the sink radius the material in the disk is swallowed by the sink, which is seen as an increase in the mass-accretion rate.
Model Q2e06v1 (top panel of Fig. 4) shows two peaks in the mass-accretion rate, one occurring at periastron and the second occurring near apastron. Similar to model Q2e06, in this model −2 , and the black dashed dotted line corresponds to the expected angular-momentum loss as computed by applying the fitting formula for angular-momentum loss from Paper II to the average orbital velocity.
we also observe an accretion disk that builds up after the passage of the stars through periastron and is swallowed by the sink when the stars approach apastron. However, we note that for a system with the characteristics of model Q2e06v1 the BHL formalism predicts that the maximum in the accretion rate occurs when the stars are at their maximum separation, rather than at periastron, because due to the low wind velocity in this model the factor containing the term v/v w dominates over the factor r −2 in Eq. 3. Thus, even though the maximum in the mass-accretion efficiency in our simulation occurs because at the same time the accretion disk is engulfed by the disk, a maximum at apastron is likely to occur. For the same model we observe an enhancement in the mass-accretion rate when the stars are at periastron, which peaks nearly at the same value as the accretion rate at apastron.
Model MMe05 (right panel of Fig. 4 ) only shows a large peak at apastron. Similar to model Q2e06v1, the theoretical BHL model predicts that for a system with the characteristics of model MMe05 the maximum in the mass-accretion rate occurs at apastron. However, the peak mass-accretion rate found at apastron in our numerical models is a factor of ≈ 4 larger than that predicted by the BHL approximation. This is in contrast to model Q2e06v1, in which the largest peak in the accretion rate also occurs at apastron, but the peak value is a factor of ≈ 2 lower than predicted by the BHL formalism. Table 2 shows the average mass-accretion efficiency per orbit, β = Ṁ a /Ṁ d , for our models. For comparison we also compute the average mass-accretion efficiency as estimated by Eq. 2. The mass-accretion efficiencies we find for models Q2e0 to Q2e08 are up to a factor of ≈ 1.7 higher than predicted by the BHL formalism, with the largest difference occurring for the model with a circular orbit. As the eccentricity increases to 0.8, the average accretion rate approaches the BHL approximation. This is consistent with our findings in Paper II that for circular orbits Eq. 2 quite accurately describes the accretion efficiency when the ratio v w /v orb 1, but underestimates β hydro for lower velocity ratios because of the stronger interaction between the companion and the gas in these cases. For models Q2e0 and Q2e02, v w is smaller than the relative orbital velocity v at any point in the orbit (see Table 1 ), but for the more eccentric models v w /v > 1 near apastron, where the binary spends most of its time. As already noted in Sect. 3.1, the outflow morphology and accretion wake near apastron indeed resemble the BHL case in these models. For model Q2e06v1 the average accretion efficiency is a factor of ≈ 2.7 lower than in the BHL formalism, whereas for model MMe05 β hydro is more than a factor of two higher than β BHL (and a factor of ≈ 1.3 larger than for its circular counterpart, model V15a5 in Paper I). This is surprising given the similar values of v w /v along the orbit in these models, Article number, page 7 of 13 A&A proofs: manuscript no. myPaper3 but is likely related to their very different outflow morphologies as a function of orbital phase (see Sect. 3.1 and Fig. 2) . We note that a similar result as for model Q2e06v1 was obtained in Paper II, where for very low initial wind velocities we found massaccretion efficiencies below the BHL prescription.
Angular-momentum loss
The middle panels of Figs. 3 and 4 show the rate at which mass is lost from the binary system per orbit. We measure this quantity as the flux of mass crossing a sphere of radius 3a. We choose this radius because for circular orbits we have shown that beyond this distance no further exchange of angular momentum between the wind and the orbit takes place (see Paper I).
The maximum in the mass-loss rate occurs at the time when most of the material in the ring (for highly eccentric systems) or in the spiral wake (for low-eccentricity systems) crosses the 3a boundary. As gas moves away from the binary it removes angular momentum from the orbit, which was exchanged during the strong interaction at close orbital separations. At the same time, gas also removes angular momentum due to the rotation of the donor star. Similar to Paper II, we parametrise the angular momentum lost aṡ
where the first term on the right-hand side corresponds to the change in the orbital angular momentum, where J orb is the orbital Notes. η iso corresponds to the specific angular-momentum loss in units of J/µ for the isotropic-wind case. η fit corresponds to the average angular-momentum loss as derived by computing the average orbital velocity during one orbit and applying the fit for η(q, v w /v orb ) obtained in Paper II. η orb is the average angular-momentum loss per orbit for the numerical models presented in this paper, computed over the last five orbits. angular momentum of the binary,
is the reduced mass of the binary, and β is the average mass-accretion efficiency per orbit as computed from Eq. 2. The parameter η orb is a dimensionless measure of the specific angular momentum taken from the orbit and transferred to the outflowing gas. The second term in Eq. 4 is the contribution from the loss of spin angular momentum, which we take asJ spin = 2 3 R 2 dṀ d Ω orb,pe . As shown in Paper II, this accurately describes the angular-momentum loss of a single AGB star in our simulations. The angular momentum in the outflow,J on the left-hand side of Eq. 4, is measured at the time the SPH particles cross the 3a boundary. We only take the perpendicular component to the orbital plane of the angular momentum, J z , since we have verified that the other two components, J x and J y , are very small, i.e. the flow is symmetric with respect to the orbital plane.
The bottom panels of Figs. 3 and 4 show the specific angular momentum that the wind takes away from the orbit in terms of the parameter η orb . Note that due to the eccentricity of the systems the angular-momentum lost over one orbit is not constant. We compare the angular-momentum loss of our eccentric models to the isotropic-wind mode case, η iso = (1 + q) −2 , and to the fitting formula for the specific-angular momentum loss, η fit = η orb (q, v w /v orb ), obtained in Paper II. Since v orb varies over the orbit, in order to apply the formula for η fit we take v orb = v orb , where v orb is the time-averaged velocity over the orbit which is dominated by the long time the stars spend near apastron. Table 3 shows the values for η iso , η fit , and the average specific angular momentum lost per orbit, η orb , which in accordance with Eq. 4 is computed as
where J z,i is the perpendicular component of the angular momentum of the i'th particle which crosses the 3a boundary, N is the number of particles that cross the 3a boundary in one orbit, and m g is the mass of the SPH particles. For models with similar stellar parameters but different eccentricities (Q2e02 to Q2e08), we observe that as the eccentricity increases the angular-momentum loss decreases. For the mildly eccentric model Q2e02 the loss in angular momentum is almost the same as in the circular case. However, for the most eccentric case Q2e08 the angular-momentum loss is smaller by a factor of ≈ 1.5 and approaches the isotropic-wind mode. This is not surprising since the companion star spends most of its time at . Top: Semi-major axis as a function of time, relative to the orbital period, for models Q2e02 to Q2e08 (solid lines). Notice that since the change in the orbit is very small (between 10 −4 and 10 −2 AU), for better visualisation the order of magnitude of the quantities along the y-axis is given on the top left corner. Bottom: The eccentricity as a function of t/P for models Q2e02 to Q2e08 (solid lines). Similar to a, the order of magnitude of the quantities along the y axis is given on the top left corner. The dashed lines in each panel show the moving average of a and e over the interval [t/P − 0.5, t/P + 0.5], for better appreciation of the long-term trend. We only show the evolution of a and e for the last five orbits of our simulations. The dotted gray lines correspond to the distance between the stars, with the minimum corresponding to periastron and the maximum to apastron. apastron, where the outflow is not strongly modified and has an almost spherically symmetric geometry, as shown by the plot of the gas density in the orbital plane for this model (bottom panels of Fig. 1 ). Model Q2e06v1 shows an η value a factor of ≈ 1.3 larger than its counterpart with larger wind velocity, which reflects the stronger interaction between the wind and the companion star occurring in this model.
If we compare models MMe05 and Q2e06, which have nearly the same eccentricity and equal mass ratios, we notice that in model MMe05 a much larger amount of angular momentum is lost. We recall that in model MMe05, the geometry of the outflow is strongly modified compared to model Q2e06 (see Sect. 3.1). In model MMe05 a very dense accretion wake is observed behind the companion star during the whole orbit at an angle that is considerably misaligned with the binary axis. An accretion wake with these characteristics (high density and misalignment with the binary axis) will exert a stronger torque on the companion star allowing a larger exchange of angular momentum between the wind and the orbit of the stars. Finally and although it cannot be observed in Figure 4 , the angular-momentum loss in model MMe05 is increasing as a function of time. It is not clear why this increase occurs, but it suggests that at each passage of the stars through periastron a stronger interaction takes place.
Finally, we find that η orb agrees within ≈ 20% to the fit given in Paper II for η(q, v w / v orb ) for models Q2e0-Q2e08 and MMe05. The best agreement occurs for large eccentricities (e = 0.6 and e = 0.8). However, for model Q2e06v1 we find that the orbital angular momentum lost from the system is a factor ≈ 2 lower than what our fitting formula predicts.
Changes in the orbital elements
Because we use an N-body code to compute the dynamics of the stars, it is possible to measure the change in the semi-major axis and eccentricity of the orbit directly from the simulations within the numerical error (see Paper II). The total energy per reduced mass, , of two bodies orbiting each other under the influence of their gravity is given by the sum of the kinetic energy and the potential energy of the system,
Here r and v are the magnitudes of the relative position and velocity vectors of the stars, r and v, which we measure from the simulation. In addition, the angular momentum per reduced mass of the system can be written as:
On the other hand, the orbital energy per reduced mass and specific angular momentum of a system in a Keplerian orbit are given by
and
By combining Eqs. 6 and 8, we can determine a at any given time in our simulations. A similar calculation can be done for e by combining Eqs. 9, 8 and 7.
Figs. 5 and 6 show the evolution of a and e, as computed above, for the last five orbits of our simulations. We assume that similar to Paper I, where we simulated circular orbits, after the fourth orbit a quasi-steady state is reached. For models Q2e02 to Q2e08, in which angular-momentum loss is relatively small, a similar long-term trend for a and e is observed where the semi-major axis increases during the evolution of the system and the eccentricity decreases. We note that the short-timescale variations seen in Figs. 5 and 6 have little physical meaning, because a and e are only well-defined for a complete orbit. Models Q2e06v1 and MMe05 show the opposite trend in a to models Q2e02 to Q2e08. Since more angular momentum is lost in these systems their orbits are seen to be shrinking. However, model Q2e06v1 shows a decrease in eccentricity, whereas in model MMe05 the eccentricty increases. This likely results from the location along the orbit where most of the angular momentum exchange takes place. In model Q2e06v1 (and the other Q2e0i models) it appears from the high density in the accretion wake at periastron that the exchange of angular momentum mainly occurs while the stars are near periastron, which will result in a decrease in eccentricity since the companion star will be slowed down at periastron. However, if the strongest torque occurs at apastron (as appears to be the case for model MMe05 from Figure 2) , the eccentricity will be pumped since the companion star will be slowed down before it moves through periastron again.
The change in orbital separation and eccentricity over a time interval ∆t can be derived from Eqs. 8 and 9, yielding:
where M = M d + M a , and
The change in and is derived from the relative velocity and separation of the stars, which we know at any time in our simulations (Eqs. 6 and 7). We estimateȧ andė as the average rate of change given by Eqs. 10 and 11 over the last five orbits. The resulting values ofȧ/a andė/e are shown in Table 4 . For models Q2e02 to Q2e08, we observe that as the change in angular momentum approaches the isotropic regime (for systems with high eccentricities) the systems widens at a faster rate. For instance, over the ten orbits we run our simulations, in model Q2e08 the orbit expands by about 0.08 AU. On the other hand, systems with small eccentricities (Q2e02 and Q2e04) widen slowly. In their circular counterpart (model Q2e0), we find that the system shrinks due to the relatively large amount of angular momentum lost.
In model MMe05 the orbit shrinks very fast compared to the rest of the models, and the eccentricity increases at a high rate. This is partly a consequence of our choice of the mass-loss rate, which is similar to the other models even though the stellar parameters for this system are different. As the donor star in this model has a smaller radius it should actually lose mass at a slower rate. We have verified that by setting a lower mass-loss rate (10 −6 M yr −1 , as in Paper I) the angular-momentum loss rate and the mass-accretion rate scale down proportionally, i.e. the rate at which the semi-major axis and eccentricity change per unit mass lost is similar.
Comparison to analytical results
Eggleton (2006) and Dosopoulou & Kalogera (2016) have derived analytical expressions for the secular evolution of a and e under the assumption of mass loss by fast isotropic winds. In Table 4 we compare our simulation results to the expressions forȧ/e andė/e of Dosopoulou & Kalogera (2016, eqs. 81 and 82) . To make the comparison we replace the assumed BondiHoyle accretion rate in these equations with the average massaccretion rate obtained from our hydrodynamical models. Our results for models Q2e02 to Q2e08 show an agreement in the sign ofȧ andė, but the magnitude of both quantities is smaller than predicted by the analytical model. The orbit expands less rapidly, by a factor between about 1.1 and 7, and the eccentricity decreases at a lower rate, by a factor between about 1.4 and 2.0. In both cases, the largest difference occurs for the least eccentric model, Q2e02, and as noted earlier in the circular case Q2e0 the orbits even shrinks rather than expands. This trend is understandable from the fact than in our most eccentric models, during the relatively long time spent near apastron the outflow is nearly isotropic and relatively fast compared to the orbital speed (see Sect. 3.1), corresponding to what is assumed in the analytical model of Dosopoulou & Kalogera (2016) . On the other hand, for smaller eccentricities the outflow is more strongly modified, leading to larger differences with the analytical expressions.
For model Q2e06v1 the analytical model predicts slower expansion and faster circularisation than for model Q2e06, as a result of the higher average mass-accretion rate (Table 2) . Our hydrodynamical results show that the orbit shrinks rather than expands, and as for the other Q2e models the eccentricity decreases somewhat more slowly than predicted. The largest difference with the analytical model occurs for MMe05, where we findė > 0 as previously noted. The equations of Dosopoulou & Kalogera (2016) instead predict a fairly rapid decrease of the eccentricity, and slower shrinkage of the orbit by approximately a factor of two. We note that in the analytical model an increase in eccentricity only occurs for binaries with 0 < q < 0.78. These differences can again be ascribed to the strong modification of the outflow in these two models, compared to the fast isotropic wind case. The comparison in this section indicates that, in general, stronger interaction between the outflow and the binary leads to (1) less orbital expansion or faster orbital shrinking, and (2) slower circularisation or, in extreme cases, an increase in eccentricity.
Discussion
In this section, we discuss how the geometry of the outflow in our hydrodynamical models compares with observations of AGB binary systems which are thought to be in eccentric orbits, and how our exploratory results for the rate of change of the eccentricity compare to the tidal circularisation timescales. In addition, we briefly discuss some of the numerical and physical effects that may affect our results, and some future work that could be performed in order to gain a better understanding of how wind mass transfer can impact the eccentricity of binary systems with a redgiant component. Notes.ȧ/a andė/e correspond to the changes in semi-major axis and eccentricity, respectively, as measured dynamically from the simulations.
The values ofȧ/a andė/e with the subscript DK16 correspond to the analytical values for these quantities as derived from Eqs. 81 and 82 in Dosopoulou & Kalogera (2016) . (ė/e) tides is the expected change in the eccentricity due to tidal interaction, as derived from Eq. 12.
Comparison to observations
Our work shows that wind mass transfer in eccentric binaries results in geometries of the outflow which differ considerably from the circular binary case when e 0.5. The present study thus confirms the potential of numerical models for constraining the eccentricity in observed interacting binary stars. For instance, an outflow morphology which shows a disrupted ring has been observed in the inner region of the spiral pattern of the binary system AFGL 3068. Hydrodynamical models have shown that the geometry of this system can be reproduced if the eccentricity of the system is about 0.8 (Kim et al. 2017) . However, the bifurcation in the spiral described by these models and also observed in AFGL 3068 is not found in our work. We note that a direct comparison between our models and the observations of AFGL 3068 cannot be made, because the spiral pattern of this object extends up to ≈ 60 times the mean orbital separation of the system, whereas we remove particles at much shorter distances from the binary. Furthermore, the mass ratio of AFGL 3068 is different the value assumed in our work. Another system for which incomplete ring patterns have been observed is the carbon star CIT 6, which is believed to contain a star evolving from the AGB to the post-AGB phase (Kim et al. 2013) . To explain the observed geometry of the outflow of CIT 6, a binary companion with a very high eccentricity has been suggested (Kim et al. 2015) . However, for similar reasons to those mentioned above (different mass ratios and the fact that we remove particles close to the binary) no direct comparison can be made between our models and these observations.
Orbital evolution timescales
Our results shed some light on the evolution of the orbital parameters when wind mass transfer occurs. However, we note that the orbital evolution is also affected by physical processes that are not included in our models. For instance, given the large sizes of AGB stars, for close binary systems circularisation of the obit is likely to occur due to tidal effects. Since the stars in our models are approximated by point particles, this effect is not taken into account. In order to estimate the circularisation timescale predicted by tidal evolution, we use eq. 10 from Hut (1981) :
where k is the apsidal motion constant of the donor star, T is the time-scale on which significant changes in the orbit take place through tidal evolution, f 3 and f 4 are polynomial functions of e 2 given by Hut (1981) , Ω spin is the angular velocity of the donor star and Ω bin = 2π/P is the mean angular velocity of the binary. We take (k/T ) as in eq. 30 from Hurley et al. (2002) , with the mass of the envelope equal to M env = 0.55 M in models where
For an AGB star the size of the core is negligible compared to the convective envelope, thus we approximate the radius of the envelope as R env = R d . Note that in Eq. 12 the sign ofė is determined by the last factor containing Ω spin /Ω bin , i.e.ė > 0 is possible but only for sufficiently fast rotation (see Hut 1981 , for a discussion). Table 4 shows our estimates for the circularisation timescales for systems with binary parameters as in our simulations. For models Q2e02 and Q2e04, tidal circularisation is much more effective than the circularisation induced by wind interaction, whereas for models with e 0.6 the tidal circularisation timescale is similar to the hydrodynamical circularisation timescale. We can roughly estimate by how much the eccentricity of these models will decrease by the time the star leaves the AGB phase. A star with the characteristics of our donor star will spend another ≈ 3×10 4 yr in the superwind phase before it leaves the AGB (see Paper II for the method used to evolve this star). By assuming that the tidal circularisation timescale is constant during this time interval, we find that by the time the star leaves the AGB phase the binary will have an eccentricity of ≈ 0.007 for model Q2e02 and e ≈ 0.23 for model Q2e04. However, for models Q2e06 and Q2e08, as well as Q2e06v1, the circularisation timescales of both tidal interaction and wind interaction are so long that the change in the eccentricity before the donor star leaves the AGB will be very small.
For model MMe05, our hydrodynamical models predict an increase in eccentricity. In this case, the tidal circularisation timescale is of the same order of magnitude as the hydrodynamical eccentricity pumping timescale. Therefore it is possible that these effects counteract each other, leading only to a small change in the eccentricity. However, as mentioned in Sect. 3.4 the assumed mass-loss rate of this system is higher than expected for the superwind phase of an AGB star with the stellar parameters of model MMe05. By assuming a lower mass-loss rate for this model,Ṁ d = 10 −6 M yr −1 (as in Paper I), we find thaṫ e/e = 4.55 × 10 −7 yr −1 . In that case, the eccentricity pumping timescale from the hydrodynamical models will not be able to compete with the tidal circularisation timescale. Furthermore, since the semi-major axis is decreasing in this system, tidal forces will become stronger as the system evolves. From Eqs. 12 and 1, we see that tidal evolution would only be able to pump the eccentricity in a system like MMe05 if Ω spin > 1.1Ω orb,pe , where Ω orb,pe is the angular velocity at periastron.
Model MMe05
Model MMe05 shows that it is possible to find a regime where the eccentricity increases due to wind mass transfer, and this trend is quite robust against various tests we have performed.
In a test simulation with a sink radius that is twice as large (i.e., equal to 0.2R L,2|pe ), we find that the average mass-accretion efficiency increases compared to the value given in Table 2 , but the angular-momentum loss remains constant. This also results in an increase of the eccentricity and a decrease of the semi-major axis. We have also verified that regardless of the assumed massloss rate of the donor star and the temperature profile, the results always lead to an increase in eccentricity. However, there are many other characteristics of this model which make it difficult to compare to the more realistic models Q2e0i. On the one hand, unlike models Q2e0i where the stellar parameters of the donor were taken from a stellar evolution code, the stellar parameters of the AGB star for model MMe05 were chosen arbitrarily to match the parameters of the systems studied in Paper I. Furthermore, in order to compare our results for this model to its circular counterpart from Paper I, we neglected the possibility of pseudosynchronisation of the donor star. As seen in Paper II, rotation of the donor star for low v w /v orb can modify the morphology of the outflow resulting in a different angular-momentum loss than when the star is non-rotating. This could potentially affect the evolution of the orbital parameters of the binary. On the other hand, whereas in Paper I we assumed a constant velocity profile of the wind, in this work the AGB wind feels an acceleration due to gas pressure, which results in a different wind velocity profile (see Paper II). However, we verified in a test that by taking a predefined terminal wind velocity, as in Paper I, this also results in an increase of the eccentricity. Another difference compared to models Q2e0i is that the radius of the donor is much smaller which could also impact the results.
A system with the parameters of model MMe05 could potentially counteract tidal circularisation in the region of interest for the progeny of AGB binary systems, since the orbital period is ≈ 1900 days. However, as pointed out above, we should keep in mind that since the system is shrinking tidal interaction will become stronger. In order to verify if the results of this model are physically possible a larger grid of simulations in which the stellar parameters of the donor star are computed with a stellar evolution code are necessary.
Other numerical and physical aspects
Besides tidal interaction, there are other physical mechanisms and numerical aspects that could influence our results for the change in the orbital elements of the system. For instance, physical processes which have not been taken into account in this work are pulsations of the AGB star, dust formation and radiative transfer. By considering these processes, the wind velocity profile will be different from that assumed in this work, which could result in a stronger interaction between the companion star and the wind, especially at periastron. This may affect the amount of angular momentum lost from the binary, and in consequence impact the evolution of the orbital parameters of the system. Furthermore, both pulsations and tides may induce a phase-dependence in the mass-loss rate, which can potentially lead to an increase of the orbital eccentricity (Bonačić Marinović et al. 2008) .
From the numerical point of view, we find that in some systems the large size of the sink particle results in an enhancement in the mass-accretion rate at different orbital phases (Sect. 3.2). One way to overcome this problem is by setting a smaller sink radius. However, this requires a correspondingly higher SPH resolution in order to prevent numerical noise. As seen in Paper I, a smaller sink radius will result in a smaller mass-accretion rate, but will not have a strong effect on the average angularmomentum loss. In the numerical simulations of wind mass transfer by Mohamed (2010) , the accretion process is modelled in a smooth fashion, which according to Mohamed (2010) provides a better numerical performance when the mass accretion rates are not constant as in the case of eccentric orbits. For instance, her numerical models of eccentric binaries show that, unlike most of our models in which the accretion disk is engulfed by the large sink, the accretion process occurs mainly when the stars are at periastron. However, in most cases she finds massaccretion rates that are much larger than the BHL prediction (see discussion in Paper I).
Another numerical aspect that may be of importance is the conservation of angular momentum. In Table 5 we show the error in the angular momentum budget for our calculations. Similar to Paper II, we find that angular momentum is not exactly conserved and that the error is larger for models in which strong interaction between the gas and the stars occurs. However, we stress that the errors shown in Table 5 correspond to the total angular momentum of the particles in the system (stars and gas), and that the error in the orbital angular momentum is only a fraction of this quantity, which unfortunately cannot be disentangled.
We finish by noting that it is possible that not a single mechanism is responsible for the observed puzzling orbital periods and eccentricities of the descendants of AGB stars, such as Ba stars, CEMP-s and post-AGB stars. In order to verify if an increase in eccentricity can occur in a regime with physically realistic parameters, a larger grid of numerical simulations with different binary masses, wind velocities, mass-loss rates, semi-major axes, and eccentricities is needed to reveal under which circumstances wind mass transfer can effectively counteract tidal circularisation and to understand under which circumstances other proposed eccentricity pumping mechanisms, such as the interaction with a circumbinary disk, may become important.
Summary
In this work we present the first exploratory hydrodynamical study of the impact of AGB wind mass transfer on the orbital parameters of eccentric low-and intermediate-mass binary sys-tems. In order to do so we perform simulations using the amuse framework to couple a hydrodynamics code, which we use to model the wind dynamics, and an N-body code, which is used to model the dynamics of the stars. We explore a set of models with mass ratio q = 2 and different combinations of semi-major axes and eccentricities, such that the donor star is close to filling its Roche lobe at periastron.
We find that for large eccentricities (e 0.5) the morphology of the outflow can be quite different from the circular case. The spiral patterns found in the circular models or systems with small eccentricities become disrupted rings which move outward as the companion star makes its way through apastron. Furthermore, for large e the outflow resembles the spherically symmetric wind case when the stars are near apastron.
For models Q2e02 to Q2e08, where the initial wind velocity is v init = 12 km s −1 and the eccentricity is varied between 0.2 and 0.8, we observe a similar trend in their orbital evolution in whicḣ a > 0 andė < 0. On the other hand, in system Q2e06v1, with the same parameters as in model Q2e06 but v init = 1 km s −1 , we find that as periastron is approached a structure similar to wind Roche lobe overflow is formed. In this case the interaction between the wind and the companion star, as observed from the ouflow morphology, is stronger than in case Q2e06. In addition, we find that the average angular-momentum loss as well as the mass-accretion efficiency are higher than in model Q2e06 and bothȧ < 0 andė < 0.
Model MMe05, in which the stars are more massive and both the radius of the donor and the periastron distance are smaller, shows the most complex morphology among our models. In this case the orbit shrinks and the strongest interaction between the gas and the stars appears to occur near apastron, which results in an increase in eccentricity.
Our results show a good agreement with the secular evolution equations derived by Dosopoulou & Kalogera (2016) for fast isotropic winds, as long as the outflow in our models approximates the spherically symmetric wind case. However, when the ouflow morphology is modified by interaction with the binary, our results deviate from the analytical description. In these cases we find slower orbital expansion or faster orbital shrinking than predicted by the fast-wind approximation, and a slower decrease or even an increase in eccentricity. We also find that the relation derived in Paper II for the angular-momentum loss as a function of the mass ratio and v ∞ /v orb for the circular models agrees within ≈ 2−20% when applied to the eccentric models by taking the average orbital velocity. The best agreement occurs when the wind velocity and the eccentricity of the system are large.
Finally, we find that the hydrodynamical circularisation timescales are either longer than (for e 0.4) or similar to the tidal circularisation timescales (for e 0.6). Given the short remaining time that a donor star such as assumed in our models spends in the AGB phase, a strong decrease in eccentricity will only occur for models with e 0.4, whereas for models with larger eccentricity the change in the orbital parameters will be modest or almost negligible. Only for model MMe05 the hydrodynamical interaction could potentially counteract tidal circularisation. However, since the orbit in this model is shrinking, tidal effects may become stronger during the evolution of this system.
A more detailed exploration of the parameter space of binary masses, wind velocities, semi-major axes and eccentricities is needed to find out under which circumstances wind mass transfer can effectively counteract tides and enhance the orbital eccentricity, and which role this process plays in explaining the puzzling orbital periods and eccentricities of the descendants of AGB binaries.
